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STEADY FLUID FLOW IN FISSURED POROUS MEDIA WITH
IMPERFECT CONTACT
ABDELHAMID AINOUZ
Abstract. In this paper, periodic homogenization of a steady fluid flow in
fissured porous solids with imperfect interfacial contact is performed via two-
scale asymptotic method.
1. Introduction
Micro-models for the fluid flow in fissured porous medium made of two inter-
acting porous systems with different permeabilities are very important in reservoir
petroleum, civil engineering, geophysics and many other areas of engineering. In
this paper, we shall deal with the homogenization of fluid flow in fissured porous
media. There are many papers devoted to the subject, see for instance [4, 5, 7]
and the references therein. Here, we shall be concerned with periodic porous media
made of two components with highly contrast of permeabilities and an imperfect
contact on the interface of these solids. One of the two porous structures is asso-
ciated with the fissures and the other one with the porous block or matrix. More
precisely, we shall consider a Newtonian fluid flow, in a periodic fissured porous
medium Ω = Ωε1 ∪ Ω
ε
2 ∪ Γ
ε, where Ωε1 is the fissures region, Ω
ε
2 is the block and
Γε is the interface that separates these two regions. The micro-model is based on
mass conservation for the fluid in each phase, combined with the Darcy’s law . We
assume that Ωε1 and Ω
ε
2 are in imperfect contact. That is, an exchange flow barrier
formulation on the interface Γε will be considered, see for instance, [1, 8, 9]. The
macro-model is derived by means of two-scale asymptotic technique (Cf. [6, 10])
and jusitified with the help of the two-scale convergence method [3]. It will be seen
that the macro-model is, in some sense, the limit of a family of periodic micro-
models in which the size of the periodicity approaches zero. It is shown that the
overall behavior of fluid flow in such micro-scale heterogeneous media, is a stan-
dard one. Namely, the macroscopic equation is of elliptic type and it has the form
−div
(
Ah∇u
)
= F . The only novelty here is that the fluid flow presents an ex-
tra source surface density of the exterior boundary. We mention that no double
porosity effects occur at the macroscale description.
The paper is organized as follows: Section 2 is devoted to the problem setting
of the micro-model. In Section 3, we shall be concerned with the derivation of the
homogenized model via the formal procedure of two-scale asymptotic ananlysis.
Section 4 is devoted to the rigorous derivation of the homogenized model obtained
in the previous section by the two scale convergence method. Finally, we end this
paper with some comments and conclusion.
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2. Setting of the Problem and the main result
We consider Ω a bounded, connected and smooth open subset of RN (N ≥ 2).
We assume that Ω is made of a large number of identical cells εY , where ε > 0 is
a sufficiently small parameter (ε ≪ 1) and Y =]0, 1[N denotes the generic cell of
periodicity. Let Y be divided as follows: Y := Y1∪Y2∪Γ where Y1, Y2 are two sub-
domains of Y and Γ is the interface between Y1 and Y2. Namely Γ = Y1 ∩ Y2. We
denote ν the unit normal of Γ, outward to Y1. Let χ1 and χ2 denote respectively
the characteristic function of Y1 and Y2, extended by Y -periodicity to R
N . For
i = 1 or 2 we set
Ωiε := {x ∈ Ω : χi(
x
ε
) = 1}.
Let Γε := Ωε1 ∩ Ω
ε
2. We will assume that Ω
ε
2 ⊂ Ω, so that ∂Ω
ε
2 = Γ
ε and ∂Ωε1 =
∂Ω ∪ Γε. Let Zi = ∪k∈ZN (Yi + k). As in [3], we shall assume that Z1 is smooth
and connected open subset of RN .
Let A and B denote respectively the permeability of the medium Z1 and Z2.
We assume that A (resp. B) is continuous on RN , Y−periodic and satisfies the
ellipticity condition:
Aξ · ξ ≥ C|ξ|2, (resp. Bξ · ξ ≥ C|ξ|2) ξ ∈ RN
where, here and in what follows, C denotes various positive constants independent
of ε. Let fi be a measurable function representing the internal source density of
the fluid flow in Ωεi and let h be the non-rescaled hydraulic permeability of the thin
layer Γε. We suppose that fi ∈ L
2 (Ω) and that h is a continous function on RN ,
Y−periodic and bounded from below:
h (y) ≥ h0 > 0 x ∈ R
N .
To deal with periodic homogenization with microstructures, we shall denote for
x ∈ RN , Aε (x) = A
(
x
ε
)
, Bε (x) = B
(
x
ε
)
and hε (x) = εh
(
x
ε
)
.
The micro-model that we shall study is given by the following set of equations:
− div (Aε∇uε) = f1 in Ω
ε
1,(2.1a)
− ε2div (Bε∇vε) = f2 in Ω
ε
2,(2.1b)
Aε∇uε · νε = ε2Bε∇vε · νε on Γε,(2.1c)
Aε∇uε · νε = −εhε (uε − vε) on Γε,(2.1d)
uε = 0 on ∂Ω(2.1e)
where νε stands for the unit normal of Γε outward to Ωε1. It is obtained by the
Y−periodicity extension of ν. Let us mention that Ωε1 represents the fissured space
region with permeability A and Ωε2 the block region with permeability ε
2B. The
quantitities uε and vε are the fluid flow velocities in Ωε1 and Ω
ε
2 respectively. Note
tha we have chosen a particular scaling of the permeability coefficients in (2.1b).
This means that both terms
∫
Ωε
1
|∇uε|
2
dx and ε2
∫
Ωε
2
|∇vε|
2
dx have the same order
of magnitude and thus leading to a balance in potential energies. Equations (2.1a)
and (2.1b) express the conservation of mass of fluid with Darcy’s law in Ωε1 and
Ωε2 respectively. The first equation describes the flow in the fissured regions with
large permeability and the second describes the flow in the block system regions
with low permeability. For more details, we refer the reader to Arbogast, Douglas,
and Hornung [5] (see also Allaire [3]). Condition (2.1c) expresses flux continuity
across Γε, the interfacial flow thin layer with permeability given by hε. Condition
(2.1d) models the imperfect contact between the block and the fissures [8, 9]. The
condition (2.1e) is the standard homogeneous Dirichlet condition on the exterior
boundary of Ω.
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To set the mathematical framework of our Porblem (2.1a)-(2.1e), we need to
introduce the following space Hε =
(
H1 (Ωε1) ∩H
1
0 (Ω)
)
×H1 (Ωε2). The space H
ε
is equipped with the norm
‖(ϕ, ψ)‖2Hε = ‖∇ϕ‖
2
L2(Ωε1)
+ ε2 ‖∇ψ‖2
L2(Ωε2)
+ ε ‖ϕ− ψ‖2L2(Γε) .
The weak formulation of (2.1a)-(2.1e) can be read as follows: find (uε, vε) ∈ Hε,
such that for all v = (ϕ, ψ) ∈ Hε, we have∫
Ωε
1
Aε∇vε∇ϕdx+ ε2
∫
Ωε
2
Bε∇vε∇ψdx+
∫
Γε
hε (vε − vε) (ϕ− ψ) dsε (x) =
∫
Ωε
1
f1ϕdx +
∫
Ωε
2
f2ψdx.(2.2)
where dx and dsε (x) denote respectively the Lebesgue measure on RN and the
Hausdorff measure on Γε.
In view of the assumptions made on Ai, fi and h, we can easily establish the
following existence and uniqueness result whose proof is a slight modification of
that given by H. I. Ene and D. Polisevski [9] and therefore will be omitted.
Theorem 2.1. For any sufficiently small ε > 0, there exists a unique couple
(uε, vε) ∈ Hε, solution of the weak problem (2.2), such that
(2.3) ‖ (uε, vε) ‖Hε ≤ C.
Now, thanks to the a priori estimates (2.3), one is led to study the limiting
behavior of the sequence (uε, vε) as ε approaches 0. This is summarized in the
main result of the paper:
Theorem 2.2. Let (uε, vε) ∈ Hε be the solution of the weak system (2.2). Then,
up to a subsequence, there exists u ∈ H10 (Ω) and v0 ∈ L
2
(
Ω;H1# (Y2)
)
such that
uε ⇀ u in L2 (Ω) weakly,
vε ⇀
∫
Y2
v0 (y)dy in L
2 (Ω) weakly,
Let wε = χ1
(
x
ε
)
uε + χ2
(
x
ε
)
vε denote the overall pressure. Then, wε weakly con-
verges to U = u+G where U is the unique solution to the homogenized model:
−div
(
Ah∇U
)
=F in Ω,
U=G on ∂Ω.
Here, Ah (resp. F, G) is given by (3.11) (resp. (3.14),(3.16)).
To prove this theorem, we shall first use the two-scale asymptotic procedure to
formally derive the homogenized model and apply then the two-scale convergence
technique to rigorously justify the homogenization. This is the scope of the next
two Sections.
3. The formal homogenization procedure
The purpose of this section is to formally construct the homogenized system of
(2.1a)-(2.1e), via the two-scale asymptotic expansion method [6, 10]. Assume the
following ansatz:
uε (x) = u0 (x, y) + εu1 (x, y) + ε
2u2 (x, y) + . . . ,(3.1)
vε (x) = v0 (x, y) + εv1 (x, y) + ε
2v2 (x, y) + . . .(3.2)
4 ABDELHAMID AINOUZ
where y = x/ε, the unknowns u0, v0, u1, v1, u2, v2... are Y -periodic in the second
variable y. Plugging the above expansions (3.1)-(3.2) into the set of equations (2.1a–
2.1e) and identifying powers of ε yields a hierarchy of boundary value problems.
At the first step, it is not difficult to observe that Equation (2.1b) at ε−2, and
Equation (2.1c) at ε−1 orders yield that u0 is independent of y ∈ Y1. That is
u0 (x, y) = u (x) .
Next, Equation (2.1b) at ε−1 and Equation (2.1c) at ε0 orders show that the cor-
rector term u1 may be written as
(3.3) u1 (x, y) =
N∑
j=1
∂u
∂xj
(x)ωj (y) + u˜ (x)
where, for 1 ≤ j ≤ N , ωj ∈ H
1
# (Y1) /R is the unique solution to the following cell
problem: ∫
Y1
(A∇yωj ,∇yζ) dy =
∫
Y1
(−Aej,∇yζ) dy, ζ ∈ H
1
# (Y1) ,
where (ej) is the canonical basis of R
N . In (3.3), u˜ (x) is any additive constant.
At the final step, Equation (2.1a)-(2.1b) at ε0 and Equations (2.1c)-(2.1d)) at ε1
orders yield the system:
(3.4) − divy (A∇yu2) = f1 + divy (A∇xu1) + divx (A (∇yu1 +∇xu)) in Ω× Y1,
(3.5) − divy (B∇yv0) = f2 in Ω× Y2;
(3.6) A∇yu2 · ν = −A∇xu1 · ν +B∇yv0 · ν on Ω× Γ,
(3.7) A∇yu2 · ν = −A∇xu1 · ν − h (u− v0) on Ω× Γ,
(3.8) y 7→ v0 (x, y) , u2 (x, y) Y − periodic.
The weak formulation of Equations (3.4), (3.7)-(3.8) is∫
Y1
(A∇yu2,∇yζ) dy = 〈F, ζ〉 , ζ ∈ H
1
# (Y1) ,
where
〈F, ζ〉 =
∫
Y1
divx (A (∇yu1 +∇u)) ζ
−
∫
Y1
A∇xu1∇yζ +
∫
Γ
h (u− v0) ζds (y) +
∫
Y1
f1ζ
where ds (y) denotes the Hausdorff measure on Γ. Again, using the Divergence The-
orem ( as in [10] ), a necessary and sufficient condition for the existence and unique-
ness of u2 ∈ H
1
# (Y1) /R is that F satisfies the compatibility condition 〈F, 1〉 = 0.
This reads in our case as follows:
(3.9)
∫
Y1
(divx (A (∇yu1 +∇u))) dy +
∫
Γ
h (u− v0) ds (y) =
∫
Y1
f1dy.
Using (3.3), Equation (3.9) becomes
(3.10) − div
(
Ah∇u
)
+
∫
Γ
h (u− v0) ds (y) =
∫
Y1
f1dy
where Ah =
(
ahij
)
1≤i,j≤N
is given by
(3.11) ahij =
∫
Y1
A (∇yωi + ei) · (∇yωj + ej) dy.
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On the other hand, it is easy to see that v0 can be written as
(3.12) v0 (x, y)− u (x) = α (y) f2 (x) , (x, y) ∈ Ω× Y2
where α ∈ H1# (Y2) is the unique solution of the following problem
(3.13)


−divy (B∇yα) = 1 in Y2,
B∇yα · ν − hα = 0 on Γ.
Therefore, Equation (3.10) yields
(3.14) − div
(
Ah∇u
)
= |Y1|f1 + αˆf2 := F
∗
where αˆ =
∫
Γ
αds (y). The boundary condition for u is obtained from (2.1e) at ε0
order and it reads
(3.15) u = 0 on ∂Ω.
Let us observe that the overall pressure wε = χ1
(
x
ε
)
uε+χ2
(
x
ε
)
vε two scale con-
verges to u+χ2αf2 (see Definition 4.1 below). Consequently, w
ε weakly converges
to U = u+G where
(3.16) G =
(∫
Y2
α
)
f2.
Equation (3.14) is the so-called macroscopic equation for u. Moreover, if G is
sufficiently smooth, then the homogenized model for the weak limit U is as follows:
−div
(
Ah∇U
)
= F in Ω,(3.17)
U = G on ∂Ω(3.18)
where F = F ∗+div
(
Ah∇G
)
. Note that in the homogenized problem (3.17)-(3.18),
a non homogeneous Dirichlet is derived, on the contrary to the micro-model, where
homogeneous boundary condition is prescribed, see condition (2.1e). This extra
source surface density essentially arises from the fact that
(1) Blocks have low permeability;
(2) non null source volumetric density on the blocks;
(3) and the contribution of the fluid flow in the vicinity of the thin layer where
the contact is assumed imperfect.
4. Two-scale convergence approach
In this section, we will derive the homogenized system of (2.1a)-(2.1e) by the
two scale convergence method, see [3]. First, we define C#(Y ) to be the space
of all continuous functions on R3 which are Y -periodic. Let the space L2# (Y )
(resp. L2# (Yi), i = 1, 2) to be all functions belonging to L
2
loc
(
R
3
)
(resp. L2loc (Zi))
which are Y -periodic, and H1# (Y ) (resp. H
1
# (Yi)) to be the space of those functions
together with their derivatives belonging to L2# (Y ) (resp. L
2
# (Zi)). Now, we recall
the definition and main results concerning the method of two-scale convergence. For
full details, we refer the reader to [3, 4].
Definition 4.1. A sequence (vε) in L2 (Ω) two-scale converges to v ∈ L2 (Ω× Y )
(we write vε
2−s
⇀ v) if, for any admissible test function ϕ ∈ L2 (Ω; C#(Y )),
lim
ε→0
∫
Ω
vε (x)ϕ
(
x,
x
ε
)
dx =
∫
Ω×Y
v (x, y)ϕ (x, y) dxdy.
Theorem 4.1. Let (vε) be a sequence of functions in L2(Ω) which is uniformly
bounded. Then, there exist v ∈ L2(Ω × Y ) and a subsequence of (vε) which two-
scale converges to v.
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Theorem 4.2. Let (vε) be a uniformly bounded sequence in H1(Ω) (resp. H10 (Ω)).
Then there exist v ∈ H1 (Ω) (resp. H10 (Ω)) and vˆ ∈ L
2(Ω;H1#(Y )/R) such that, up
to a subsequence,
vε
2−s
⇀ v; ∇vε
2−s
⇀ ∇v +∇y vˆ.
Theorem 4.3. Let (vε) be a sequence of functions in H1(Ω) such that
‖vε‖L2(Ω) + ε ‖∇v
ε‖L2(Ω)3 ≤ C.
Then, there exist v ∈ L2
(
Ω;H1#(Y )
)
and a subsequence of (vε), still denoted by
(vε) such that
vε
2−s
⇀ v, ε∇vε
2−s
⇀ ∇yv
and for every ϕ ∈ D (Ω; C#(Y )), we have:
lim
ε→0
∫
Γε
εvε (x)ϕ
(
x,
x
ε
)
dsε (x) =
∫
Ω×Γ
v (x, y)ϕ (x, y) dxds (y) .
Here and in the sequel ds (y) denotes the Hausdorff measure on Γ.
As a direct application of the theorems listed above (Thms 4.1-4.3) and the a
priori estimates (2.3), we give without proof the following two-scale convergence
result concerning the solutions (uε, vε) of the Problem (2.2).
Theorem 4.4. There exists a subsequence of (uε, vε), solution of (2.2), still denoted
(uε, vε), and there exist unique u ∈ H10 (Ω), u1 ∈ L
2(Ω;H1# (Y ) /R) and v0 ∈
L2
(
Ω;H1# (Y2)
)
such that
(4.1) χε1u
ε 2−s⇀ χ1u, χ
ε
2v
ε 2−s⇀ χ2v0
and
(4.2) χε1∇u
ε 2−s⇀ χ1 (∇u+∇yu1) , εχ
ε
2∇v
ε 2−s⇀ χ2∇yv0.
Moreover, the following convergence holds:
(4.3) lim
ε→0
∫
Γε
ε (uε − vε)ψεdsε (x) =
∫
Ω×Γ
(u− v0)ψdxds (y) ,
for any ψ ∈ D (Ω; C# (Y )) with ψ
ε (x) = ψ (x, x/ε).
To determine the limiting equations of the system (2.2), we begin by choosing
the adequate admissible test functions. Let ϕε(x) = ϕ (x)+εϕ1
(
x,
x
ε
)
and ψε(x) =
ψ
(
x,
x
ε
)
where ϕ ∈ D (Ω) and ϕ1, ψ ∈ D
(
Ω; C∞# (Y )
)
. Taking ϕ = ϕε and ψ = ψε
in (2.2), we obtain∫
Ωε
1
A
(x
ε
)
∇uε (∇ϕ+∇yϕ1) dx+
∫
Qε
2
εB
(x
ε
)
∇vε∇yψdx+
ε
∫
Γε
h
(x
ε
)
(uε − vε) (ϕ− ψ) dsε (x) + εRε =
∫
Ωε
1
f1ϕdx +
∫
Ωε
2
f2ψdx(4.4)
where
Rε =
∫
Ωε
1
A
(x
ε
)
∇uε∇xϕ1
(
x,
x
ε
)
dx+ ε
∫
Ωε
2
B
(x
ε
)
∇vε∇xψ
(
x,
x
ε
)
dx+
ε
∫
Γε
h
(x
ε
)
(uε − vε)ϕ1
(
x,
x
ε
)
dsε (x) .
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In view of (4.2), one can deduce that
lim
ε→0
∫
Ωε
1
A
(x
ε
)
∇vε
(
∇ϕ (x) +∇yϕ1
(
x,
x
ε
))
dx =
∫
Ω×Y
χ1 (y)A (y) (∇u +∇yu1) (∇ϕ (x) +∇yϕ1 (x, y)) dxdy
and
lim
ε→0
∫
Ωε
2
εB
(x
ε
)
∇vε∇yψ
(
x,
x
ε
)
dx =
∫
Ω×Y
χ2 (y)B (y)∇v0∇yψ (x, y) dxdy.
By virtue of (4.3), we find that
lim
ε→0
ε
∫
Γε
h
(x
ε
)
(uε − vε)
(
ϕ (x)− ψ
(
x,
x
ε
))
dsε (x) =
∫
Ω×Γ
h (y) (u− v0) (ϕ (x)− ψ (x, y)) dxds (y) .
We observe that Rε = O (1) and, by collecting all the preceeding limits, we get the
following limiting equation of (2.2):∫
Ω×Y1
A (y) (∇u+∇yu1) (∇ϕ+∇yϕ1) dxdy +
∫
Ω×Y2
B (y)∇yv0∇yψdxdy +
∫
Ω×Γ
h (y) (u− v0) (ϕ− ψ) dxds (y)
=
∫
Ω×Y1
f1ϕdx +
∫
Ω×Y2
f2ψdx.(4.5)
By density argument, the equation (4.5) still holds true for any (ϕ, ϕ1, ϕ2) ∈
H10 (Ω)×L
2
(
Ω;H1# (Y1) /R
)
×L2
(
Ω;H1# (Y2)
)
. We can summarize the preceding
by observing that these equations are a weak formulation associated to the two-scale
homogenized system (4.6)-(4.12) below:
−divy (A (∇u+∇yu1))= 0 a.e. in Ω× Y1,(4.6)
−divy (B∇yv0)= f2 a.e.in Ω× Y2,(4.7)
−div
(∫
Y1
A (∇u +∇yu1) dy
)
+
∫
Γ
h (y) [u− v0] ds (y)= f1 a.e. in Ω,(4.8)
with the transmission and boundary conditions:
(A (∇u+∇yu1)) · ν= 0 a.e. on Ω× Γ,(4.9)
B∇yv0 · v= − h (y) [u− v0] a.e. on Ω× Γ,(4.10)
y 7−→ u1, v0 Y -periodic,(4.11)
u = 0 on ∂Ω.(4.12)
Let us first note that Equations (4.6) and (4.9) lead to the relation (3.3). Sim-
ilarly, Equations (4.7), (4.10) and (4.11) yield (3.12). Equation (4.8) is the same
as (3.9). With these remarks in mind, one can easily recover the homogenization
procedure of the preceeding section and thus we have rigorously justified the formal
two-scale asymptotic expansion method.
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5. Conclusion
We have used the homogenization theory to derive a macro-model for fluid flow
in fissured media with microstructures, in which blocks present very low perme-
abilities. Moreover, the contact between the block region and the fissures region
is of imperfect type. The micro-model that we considered in this paper is with
a homogeneous Dirichlet boundary condition prescribed on the exterior boundary.
We have shown that the overall behavior of fluid flow in such heterogeneous media
with low permeability at the micro-scale is a classical problem except that in the
vicinity of the surface, there is an additional source density arising from the source
density of the blocks at the micro-scale and the fact that the contact at micro-scale
is imperfect.
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